Connection between Elliott SU(3) and spherical shell model bases by Martinou, A. et al.
ar
X
iv
:1
91
2.
03
31
9v
1 
 [n
uc
l-t
h]
  6
 D
ec
 20
19
Bulg. J. Phys. 30 (2005) 1–10
Connection between Elliott SU(3) and
spherical shell model bases
A. Martinou1, N. Minkov2 S. Sarantopoulou1 S. Peroulis1 I. E.
Assimakis1 D. Bonatsos1
1Institute of Nuclear and Particle Physics, National Centre for Scientific Re-
search “Demokritos”, GR-15310 Aghia Paraskevi, Attiki, Greece.
2Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of Sci-
ences, 72 Tzarigrad Road, 1784 Sofia, Bulgaria.
Received Day Month Year (Insert date of submission)
Abstract. In the Elliott SU(3) symmetry scheme the single particle ba-
sis is derived from the isotropic harmonic oscillator Hamiltonian in the
Cartesian coordinate system. These states are transformed into the so-
lutions of the same Hamiltonian within the spherical coordinate system.
Then the spin-orbit coupling can be added in a straightforward way. The
outcome is a transformation between the Elliott single particle basis and
the spherical shell model space.
Keywords: Elliott SU(3), shell model
1 Introduction
Nuclear shape is the important factor which determines the appropriate good
quantum numbers of the single particle states and furthermore all the collective
nuclear observables. Usually the nucleus is considered to possess a spherical or
an ellipsoidal (axial or triaxial) shape. If the nucleus is nearly spherical, then the
spherical coordinate system (r, θ, φ) is the appropriate one for the mathematical
solution of the Schro¨dinder equation. In contrast, if the nucleus is triaxial, then
the Cartesian coordinate system (x, y, z) suits better to the single particle states.
The nucleons are bound due to a mean field, which can be considered to be
a three-dimensional (3D) isotropic harmonic oscillator. In addition there are
other important interactions, such as the spin-orbit l · s [1, 2], the quadrupole-
quadrupole q · q, and the pairing interaction. The spin-orbit and the pairing
interactions use the angular momentum l, thus they match better to the spherical
coordinate system. On the contrary the five components of the q · q interaction
are described more easily in the Cartesian coordinate system [3]. Consequently
one has to interplay between the two coordinate systems.
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2 The bases
Let us consider the simplest single particle Hamiltonian:
Hi =
p2i
2m
+
1
2
mω2r2i + Vlsl · s, (1)
where the first two terms are the Hamiltonian of the 3D isotropic harmonic os-
cillator and the last term is the spin-orbit interaction, with l being the orbital
angular momentum and s being the spin, while Vls is the potential of the spin-
orbit coupling [4].
The single particle states of the Elliott SU(3) scheme [5–7] are the solutions of
the 3D isotropic harmonic oscillator in the Cartesian coordinate system |nz, nx, ny〉,
which are Hermite polynomials [8]. These states have been used in Ref. [9] to
derive the U(3) irreducible representations (irreps) [f1, f2, f3] and afterwards the
Elliott irreps (λ, µ).
The 3D isotropic harmonic oscillator can also be solved in the spherical coordi-
nate system and give single particle states {k, l, l0} [8], where the total number
of oscillator quantaN is:
N = k + l, (2)
with l0 being the projection of the orbital angular momentum, while k is an even
positive integer or zero. In nuclear physics the notation k = 2n is also used,
with n = 0, 1, 2, . . . , resulting in N = 2n+ l.
3 Transformation of the 3D isotropic harmonic oscillator states
A 3D harmonic oscillator shell with N = 1 has single particle states in the
Cartesian coordinate system |nz , nx, ny〉:
|nz, nx, ny〉 : |1, 0, 0〉 , |0, 1, 0〉 , |0, 0, 1〉 . (3)
For the p shell the possible {k, l, l0} are:
{k, l, l0} : {0, 1, 0}, {0, 1, 1}, {0, 1,−1}. (4)
The relations between the Cartesian and the spherical coordinate systems for
N = 1 are [8]:
|1, 0, 0〉 = {0, 1, 0}, (5)
|0, 1, 0〉 = 1√
2
({0, 1,−1})− {0, 1, 1}), (6)
|0, 0, 1〉 = i√
2
({0, 1,−1}) + {0, 1, 1}). (7)
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Similar transformations are given in [8] for the 3D isotropic harmonic oscillator
states with N = 2:
|2, 0, 0〉 = − 1√
3
{2, 0, 0}+
√
2
3
{0, 2, 0}, (8)
|1, 1, 0〉 = − 1√
2
{0, 2, 1}+ 1√
2
{0, 2,−1}, (9)
|1, 0, 1〉 = i√
2
{0, 2, 1}+ i√
2
{0, 2,−1}, (10)
|0, 2, 0〉 = − 1√
3
{2, 0, 0}+ 1
2
{0, 2, 2}+ 1
2
{0, 2,−2} − 1√
6
{0, 2, 0}, (11)
|0, 1, 1〉 = − i√
2
{0, 2, 2}+ i√
2
{0, 2,−2}, (12)
|0, 0, 2〉 = − 1√
3
{2, 0, 0}− 1
2
{0, 2, 2} − 1
2
{0, 2,−2}− 1√
6
{0, 2, 0}. (13)
4 Clebsch-Gordan coefficients
In the following the j = l + s coupling is applied in each {k, l, l0} state, with j
being the total angular momentum. The notation |s, s0〉 = |1/2,±1/2〉 = |±〉
is used, where s0 is the spin projection. The Clebsch-Gordan (CG) coefficients
connect the uncoupled states {k, l, l0} |±〉 with the coupled states {k, l, j, j0}
(where j0 is the projection of the total angular momentum), as:
{k, l, l0} |±〉 =
∑
j
∑
j0
Cj,j0l,l0,±{k, l, j, j0}. (14)
The coupled states {k, l, j, j0} are the usual shell model orbitals:
{0, 1, 1/2,±1/2}= 1pj=1/2j0=±1/2, (15)
{0, 1, 3/2,±1/2}= 1pj=3/2j0=±1/2, (16)
{0, 1, 3/2,±3/2}= 1pj=3/2j0=±3/2, (17)
{2, 0, 1/2,±1/2}= 2sj=1/2j0=±1/2, (18)
{0, 2, j, j0} = 1djj0 . (19)
Calculating the CG coefficients ones finds:
{0, 1, 0} |+〉 = − 1√
3
1p
1/2
1/2 +
√
2
3
1p
3/2
1/2, (20)
{0, 1, 0} |−〉 = 1√
3
1p
1/2
−1/2 +
√
2
3
1p
3/2
−1/2, (21)
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{0, 1, 1} |+〉 = 1p3/2
3/2, (22)
{0, 1, 1} |−〉 =
√
2
3
1p
1/2
1/2 +
1√
3
1p
3/2
1/2, (23)
{0, 1,−1} |+〉 = −
√
2
3
1p
1/2
−1/2 +
1√
3
1p
3/2
−1/2, (24)
{0, 1,−1} |−〉 = 1p3/2
−3/2. (25)
The same connection can be achieved for the sd shell with N = 2:
{2, 0, 0} |+〉 = 2s1/2
1/2, (26)
{2, 0, 0} |−〉 = 2s1/2
−1/2, (27)
{0, 2, 2} |+〉 = 1d5/2
5/2, (28)
{0, 2, 2} |−〉 = 2√
5
1d
3/2
3/2 +
1√
5
1d
5/2
3/2, (29)
{0, 2,−2} |+〉 = − 2√
5
1d
3/2
−3/2 +
1√
5
1d
5/2
−3/2, (30)
{0, 2,−2} |−〉 = 1d5/2
−5/2, (31)
{0, 2, 1} |+〉 = − 1√
5
1d
3/2
3/2 +
2√
5
1d
5/2
3/2, (32)
{0, 2, 1} |−〉 =
√
3
5
1d
3/2
1/2 +
√
2
5
1d
5/2
1/2, (33)
{0, 2,−1} |+〉 = −
√
3
5
1d
3/2
−1/2 +
√
2
5
1d
5/2
−1/2, (34)
{0, 2,−1} |−〉 = 1√
5
1d
3/2
−3/2 +
2√
5
1d
5/2
−3/2, (35)
{0, 2, 0} |+〉 = −
√
2
5
1d
3/2
1/2 +
√
3
5
1d
5/2
1/2, (36)
{0, 2, 0} |−〉 =
√
2
5
1d
3/2
−1/2 +
√
3
5
1d
5/2
−1/2. (37)
5 Transformation between the Elliott and the shell model bases
The combination of Eqs. (5-7) with (20-25) connects the Elliott single particle
states |nz, nx, ny〉 |±〉 with the shell model states for the p shell (N = 1) as:
|1, 0, 0〉 |+〉 = − 1√
3
1p
1/2
1/2 +
√
2
3
1p
3/2
1/2,
(38)
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|1, 0, 0〉 |−〉 = 1√
3
1p
1/2
−1/2 +
√
2
3
1p
3/2
−1/2,
(39)
|0, 1, 0〉 |+〉 = − 1√
3
1p
1/2
−1/2 +
1√
6
1p
3/2
−1/2 −
1√
2
1p
3/2
3/2,
(40)
|0, 1, 0〉 |−〉 = 1√
2
1p
3/2
−3/2 −
1√
3
1p
1/2
1/2 −
1√
6
1p
3/2
1/2,
(41)
|0, 0, 1〉 |+〉 = − i√
3
1p
1/2
−1/2 +
i√
6
1p
3/2
−1/2 +
i√
2
1p
3/2
3/2,
(42)
|0, 0, 1〉 |−〉 = i√
2
1p
3/2
−3/2 +
i√
3
1p
1/2
1/2 +
i√
6
1p
3/2
1/2.
(43)
The transformation between the Elliott and the shell model bases can also be
established in the sd shell with N = 2 quanta. The system of Eqs. (8-13) with
the Eqs. (26-37) results to:
|2, 0, 0〉 |+〉 = − 1√
3
2s
1/2
1/2 −
2√
15
1d
3/2
1/2 +
√
2
5
1d
5/2
1/2,
(44)
|2, 0, 0〉 |−〉 = − 1√
3
2s
1/2
−1/2 +
2√
15
1d
3/2
−1/2 +
√
2
5
1d
5/2
−1/2,
(45)
|1, 1, 0〉 |+〉 = 1√
10
1d
3/2
3/2 −
√
3
10
1d
3/2
−1/2 −
√
2
5
1d
5/2
3/2 +
1√
5
1d
5/2
−1/2,
(46)
|1, 1, 0〉 |−〉 = −
√
3
10
1d
3/2
1/2 +
1√
10
1d
3/2
−3/2 −
1√
5
1d
5/2
1/2 +
√
2
5
1d
5/2
−3/2,
(47)
|1, 0, 1〉 |+〉 = − i√
10
1d
3/2
3/2 − i
√
3
10
1d
3/2
−1/2 + i
√
2
5
1d
5/2
3/2 +
i√
5
1d
5/2
−1/2,
(48)
|1, 0, 1〉 |−〉 = i
√
3
10
1d
3/2
1/2 +
i√
10
1d
3/2
−3/2 +
i√
5
1d
5/2
1/2 + i
√
2
5
1d
5/2
−3/2,
(49)
|0, 2, 0〉 |+〉 = − 1√
3
2s
1/2
1/2 +
1√
15
1d
3/2
1/2 −
1√
5
1d
3/2
−3/2
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+
1
2
1d
5/2
5/2 −
1√
10
1d
5/2
1/2 +
1√
20
1d
5/2
−3/2,
(50)
|0, 2, 0〉 |−〉 = − 1√
3
2s
1/2
−1/2 +
1√
5
1d
3/2
3/2 −
1√
15
1d
3/2
−1/2
+
1√
20
1d
5/2
3/2 −
1√
10
1d
5/2
−1/2 +
1
2
1d
5/2
−5/2,
(51)
|0, 1, 1〉 |+〉 = −i
√
2
5
1d
3/2
−3/2 −
i√
2
1d
5/2
5/2 +
i√
10
1d
5/2
−3/2,
(52)
|0, 1, 1〉 |−〉 = −i
√
2
5
1d
3/2
3/2 −
i√
10
1d
5/2
3/2 +
i√
2
1d
5/2
−5/2,
(53)
|0, 0, 2〉 |+〉 = − 1√
3
2s
1/2
1/2 +
1√
15
1d
3/2
1/2 +
1√
5
1d
3/2
−3/2
−1
2
1d
5/2
5/2 −
1√
10
1d
5/2
1/2 −
1√
20
1d
5/2
−3/2,
(54)
|0, 0, 2〉 |−〉 = − 1√
3
2s
1/2
−1/2 −
1√
5
1d
3/2
3/2 −
1√
15
1d
3/2
−1/2
− 1√
20
1d
5/2
3/2 −
1√
10
1d
5/2
−1/2 −
1
2
1d
5/2
−5/2.
(55)
Eqs. (38-43) can also be solved in the inverse way. The shell model states are
related with the Elliott states for theN = 1 shell as:
1p
1/2
1/2 = −
1√
3
|1, 0, 0〉 |+〉 − 1√
3
|0, 1, 0〉 |−〉 − i√
3
|0, 0, 1〉 |−〉 , (56)
1p
1/2
−1/2 =
1√
3
|1, 0, 0〉 |−〉 − 1√
3
|0, 1, 0〉 |+〉+ i√
3
|0, 0, 1〉 |+〉 , (57)
1p
3/2
3/2 = −
1√
2
|0, 1, 0〉 |+〉 − i√
2
|0, 0, 1〉 |+〉 , (58)
1p
3/2
1/2 =
√
2
3
|1, 0, 0〉 |+〉 − 1√
6
|0, 1, 0〉 |−〉 − i√
6
|0, 0, 1〉 |−〉 , (59)
1p
3/2
−1/2 =
√
2
3
|1, 0, 0〉 |−〉+ 1√
6
|0, 1, 0〉 |+〉 − i√
6
|0, 0, 1〉 |+〉 , (60)
1p
3/2
−3/2 =
1√
2
|0, 1, 0〉 |−〉 − i√
2
|0, 0, 1〉 |−〉 . (61)
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The shell model states in relation to the Elliott states for the sd shell withN = 2
are derived from the system of Eqs. (44-55):
1s
1/2
1/2 = −
1√
3
|2, 0, 0〉 |+〉 − 1√
3
|0, 2, 0〉 |+〉 − 1√
3
|0, 0, 2〉 |+〉 , (62)
1s
1/2
−1/2 = −
1√
3
|2, 0, 0〉 |−〉 − 1√
3
|0, 2, 0〉 |−〉 − 1√
3
|0, 0, 2〉 |−〉 , (63)
1d
3/2
3/2 =
1√
10
|1, 1, 0〉 |+〉+ i√
10
|1, 0, 1〉 |+〉
+
1√
5
|0, 2, 0〉 |−〉+ i
√
2
5
|0, 1, 1〉 |−〉 − 1√
5
|0, 0, 2〉 |−〉 , (64)
1d
3/2
1/2 = −
2√
15
|2, 0, 0〉 |+〉 −
√
3
10
|1, 1, 0〉 |−〉
−i
√
3
10
|1, 0, 1〉 |−〉+ 1√
15
|0, 2, 0〉 |+〉+ 1√
15
|0, 0, 2〉 |+〉 , (65)
1d
3/2
−1/2 =
2√
15
|2, 0, 0〉 |−〉 −
√
3
10
|1, 1, 0〉 |+〉
+i
√
3
10
|1, 0, 1〉 |+〉 − 1√
15
|0, 2, 0〉 |−〉 − 1√
15
|0, 0, 2〉 |−〉 , (66)
1d
3/2
−3/2 =
1√
10
|1, 1, 0〉 |−〉 − i√
10
|1, 0, 1〉 |−〉
− 1√
5
|0, 2, 0〉 |+〉+ i
√
2
5
|0, 1, 1〉 |+〉+ 1√
5
|0, 0, 2〉 |+〉 , (67)
1d
5/2
5/2 =
1
2
|0, 2, 0〉 |+〉+ i√
2
|0, 1, 1〉 |+〉 − 1
2
|0, 0, 2〉 |+〉 , (68)
1d
5/2
3/2 = −
√
2
5
|1, 1, 0〉 |+〉 − i
√
2
5
|1, 0, 1〉 |+〉
+
1√
20
|0, 2, 0〉 |+〉+ i√
10
|0, 1, 1〉 |−〉 − 1√
20
|0, 0, 2〉 |−〉 , (69)
1d
5/2
1/2 =
√
2
5
|2, 0, 0〉 |+〉 − 1√
5
|1, 1, 0〉 |−〉
− i√
5
|1, 0, 1〉 |−〉 − 1√
10
|0, 2, 0〉 |+〉 − 1√
10
|0, 0, 2〉 |+〉 , (70)
1d
5/2
−1/2 =
√
2
5
|2, 0, 0〉 |−〉+ 1√
5
|1, 1, 0〉 |+〉
− i√
5
|1, 0, 1〉 |+〉 − 1√
10
|0, 2, 0〉 |−〉 − 1√
10
|0, 0, 2〉 |−〉 , (71)
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1d
5/2
−3/2 =
√
2
5
|1, 1, 0〉 |−〉 − i
√
2
5
|1, 0, 1〉 |−〉
+
1√
20
|0, 2, 0〉 |+〉 − i√
10
|0, 1, 1〉 |+〉 − 1√
20
|0, 0, 2〉 |+〉 , (72)
1d
5/2
−5/2 =
1
2
|0, 2, 0〉 |−〉 − i√
2
|0, 1, 1〉 |−〉 − 1
2
|0, 0, 2〉 |−〉 . (73)
Similar transformations for shells withN ≥ 3 are the subject of work in progress.
6 Proxy-SU(3) in the shell model
The proxy-SU(3) symmetry has been introduced in [10], using a replacement
of the intruder Nilsson orbitals in the spin-orbit like shells 28-50, 50-82, 82-
126. Here we exemplify this replacement for the simpler case of the spin-orbit
like shell 6-14 [11, 12], consisting of the normal parity orbitals 1p
1/2
±1/2 and
the intruder orbitals 1d
5/2
±5/2,±3/2,±1/2. The SU(3) symmetry can be restored
in this shell by excluding the highest j0 orbitals 1d
5/2
±5/2 and by replacing the
rest, 1d
5/2
±3/2,±1/2, by the 1p
3/2
±3/2,±1/2 respectively. This replacement simply re-
duces by one unit the number of quanta in the z Cartesian axis of the intruder
orbitals. Consequently the 6-14 shell, after the replacement of the 1d5/2 orbitals,
becomes a p shell, just like the 2-8 harmonic oscillator shell. In the following
equations the orbitals of the 6-14 shell after this replacement are presented. The
blue colored orbitals are those which were initially included in the original 6-14
shell before the replacement and the red colored orbitals are the orbitals included
after the replacement. Thus proxy-SU(3) symmetry mixes the normal with the
intruder parity orbitals for the 6-14 shell as follows:
|1, 0, 0〉 |+〉 = − 1√
3
1p
1/2
1/2 +
√
2
3
1p
3/2
1/2
1d
5/2
1/2
,
(74)
|1, 0, 0〉 |−〉 = 1√
3
1p
1/2
−1/2 +
√
2
3
1p
3/2
−1/2
1d
5/2
−1/2
,
(75)
|0, 1, 0〉 |+〉 = − 1√
3
1p
1/2
−1/2 −
1√
2
1p
3/2
3/2
1d
5/2
3/2
+
1√
6
1p
3/2
−1/2
1d
5/2
−1/2
,
(76)
|0, 1, 0〉 |−〉 = − 1√
3
1p
1/2
1/2 −
1√
6
1p
3/2
1/2
1d
5/2
1/2
+
1√
2
1p
3/2
−3/2
1d
5/2
−3/2
,
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(77)
|0, 0, 1〉 |+〉 = − i√
3
1p
1/2
−1/2 +
i√
2
1p
3/2
3/2
1d
5/2
3/2
+
i√
6
1p
3/2
−1/2
1d
5/2
−1/2
,
(78)
|0, 0, 1〉 |−〉 = i√
3
1p
1/2
1/2 +
i√
6
1p
3/2
1/2
1d
5/2
1/2
+
i√
2
1p
3/2
−3/2
1d
5/2
−3/2
.
(79)
Eqs. (74)-(79) with the red terms are identical to Eqs. (38)-(43), which represent
the Elliott p shell, while Eqs. (74)-(79) with the blue terms correspond to the
6-14 spin-orbit like shell, which is mapped onto the p shell through the proxy-
SU(3) approximation.
7 An elementary example
We describe here in the briefest possible way an elementary example of the
usefulness of the equations derived in this work. More substantial examples
will be presented in detail in a long publication. Consider the nucleus 20
10
Ne10.
From the Nilsson diagrams one expects that the two valence protons and the
two valence neutrons lie in the 1d
5/2
±1/2 orbitals. From the expression of these
orbitals in terms of Elliott states, given in Eqs. (71), (72), one can calculate
the average values of 〈nz〉, 〈nx〉, 〈ny〉 for two particles in the 1d5/2±1/2 orbitals,
which turn out to be 12/5, 4/5 and 4/5 respectively. These are average values
over several states, thus it is not surprising that they are not integer. Then the
effective average Elliott quantum numbers for valence protons or neutrons alone
will be 〈λ〉 = 〈nz〉 − 〈nx〉 = 8/5 and 〈µ〉 = 〈nx〉 − 〈ny〉 = 0 [13], while
for the whole nucleus will be 〈λ〉 = 16/5 and 〈µ〉 = 0. Again these are not
integers, because they are average values over several states. Using the standard
relations [9] connecting λ and µ to the collective parameters β and γ in the
way employed in [15] we obtain β = 0.211 and γ = 10.4o. This parameter-
independent result compares well with the relativistic mean field prediction of
β = 0.186 [16].
8 Conclusions
The Elliott basis is expressed in the Cartesian coordinate system, while the shell
model space is described in the spherical coordinate system. A transformation
has been established between the two bases for the p and the sd shells. For a
deformed nucleus one may place the nucleons in the Elliott basis and use the
above expansions in order to estimate the occupation probabilities of the shell
model states. In contrast, for an almost spherical nucleus one may place the
9
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particles in the shell model states and use the expansions of the previous section,
in order to estimate the collective deformation parameters β, γ as in [14], taking
into account the probabilities by which the various (λ, µ) irreps appear.
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